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I.  Introduction 


Professor  A.  Weinstein^ ^  has  referred 

to  the  study  of  solutions  of  the  partial  differential  equations 


14  ^  K>,o 

>;<*■  y  '  '''z 


(1) 


as  generalized  axially  symmetric  potential  theory  (GASFT).  This 
equation  Is  Initially  arrived  at  hy  considering  those  solutions  of  the 
n-dlmenslonal  Laplace  equation  \rtilch  depend  solely  on 

y  =  t.  ')  (in  this  case  *  n  -  2). 

In  previous  vorks  this  author t  6  ][  7][  81  *  + 
has  studied  projertles  of  the  OASFT  equation  by  function  theoretic 
methods  based  on  the  use  of  em  Integral  operator  ,  vhlch 

naps  analytic  functions  ^  C®*)  onto  solutions  of  (l). 

4,(11  =  Q jn  =-  ,  (2) 

■\\ 

““'(•Kr  rfiV  '  «•= i«-2M 

Is  an  Initial  point  of  definition  for  Is  svtfflclently 

*  For  similar  Investigations  of  the  Integral  operator  method  as  applied 
to  QASEP,  see  Henrlcl  [  9  ]  and  Mackle  1 I  . 

The  function-theoretic  approach  vrtxlch  ve  use  here  Is  prlmarlUy  due 
to  S.  Bergman,  see  for  Instance  [  U  ]  ,  [  12  ]  and  [  13  1 


-  2  - 

small,  and  integration  path  is  the  upper  semi-circular  arc  connecting 
+  1  to  -  1  . 

In  this  paper  ve  shall  Investigate  the  properties  of 
solutions  to  the  non-homogeneous  QASFT  equation,  namely 

(3) 


by  means  of  IntegreO.  operator  methods.  One  notes  first,  that  vben 
,  equation  (3)  becomes 


and  that  by  replacing  Y  by  ^  ^ 

"X. 

ve  may  rewrite  (4)  as 


y  * 


i  -  g 


(4) 


>dilch  Integrates  directly  Into 


P  At 


This  method  suggests  that  ve  consider  the  Integral 
operator  A.rn  = 


-\ 


K-> 


4>m  =  A.tn  s 


J  {(o-.s--*)  (-s-r’)  Jj., 


(5) 
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where  )  1b  an  analytic  function  of  the  two  complex  variables 

T  (T  Is  the  same  as  before,  <7*  ^  s 

^  and,  6>0  is  svifflclently  small  etc.  .  It  Is  clear, 
that  If  1*^1  =.  I  and  X,y  are  real,  then  0*  .  Also,  If 

5  O  ,  or  S'  O  ,  then  ^  Is  either  a  function  of  (T 

or  T"  respectively;  In  these  cases  Ak'^  *■ 

solution  of  (l). 


In  order  to  obtain  a  solution  of  (3)  ue  apply  the  operator 
to  (5)  and  Interchange  the  orders  of  Integration  and  differentia¬ 


tion,  I 

4i  ^ 


4 


-I 


+  t 


icr*-  >(r'^(r’^ 


y  ^  -I 


1  K-. 

rt-r*)  tl 

1 


(6) 
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rearranging  terms,  and  integrating  "hy  parts  one  obtains 


-1 

r 

f  (■$-■«  )  jj 

rr*  -a 

r  ,  kI”' 

=  -«<K 

»  £<(5  f  (J--S")  J. 

4  J 

^  +1 

1 

zy  L  ** 

17  i  JJ  *'  T  ^  I 


-•  K-^»  , 

H-l") 


(ft") 


4^1 


+  >j(k  (  A_  f  (t-t"') 


•I 


y  +> 


-  *5*  [  f 

ly  L 


•  '’-•"'“"'-I 


=  «(, 


+\ 


-I 


-  4  «(. 


(7) 


+  1 


We  laallze  from  this,  that  If 
Integral  equation  (7),  then  4^11")  -  Ak\.^  ^ 

of  equation  (3)> 


satisfies  the 
Is  a  solution 


II.  Properties  of  the  Operator 


5  - 

A.  in  ■ 

We  first  prove 


Theorem  1;  In  a  sufficiently  small  neighborhood,  H  ,  of  an 

Initial  point  of  definition,  ,  the  representation 

-I 

<t>u')  =  ^  ?c<r,  0*^)  (1- ^  t 

+  1 

yields  the  most  gsexieral,  emalytlc  solution  to  ^  L  <j  *  * 

providing  that  ^  contained  In  the  class  of  analytic  functions  of 
tvo  variables, ^  ,  vfalch  satisfy  the  Integg'al  equation. 


-» 


/Cx,y)  ^  ^ 


+1 


^li-  Ct-r')’"  il  • 

'i<r  1 


Proof;  It  Is  clear  that  If  ft  ^  ,  then  *  Ak  ^ 

Is  a  solution  of  (3)  If  ?  C  K1  ,  and  N(i*)  Is 

sufficiently  small.  Furthermore,  If  (T*)  €  ,  then 

p  Ic,  ffr,  T*)  t  ,  where  and  ^ 

are  arbitrary  analytic  functions  of  (T ,  (T  respectively.  One  then 


has,  that 

=  AKtl'\  ^  Q«L<v'i  +  . 
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where  =  lA  1 1  )  ,  ^  If  Qh  *  Ut-^). 

The  difference  AkL  ■"  ^»c 

represents  the  general  analytic  (in  Y  )  solution  of  (l)  is  some 
neighborhood  N(^^)  of  ,  since  either  or  a?  Lk] 

represent  general  solutions  of  the  QASFT  equation.  (See  Gilbert  [  ^  ] 

[  6][  71  )  •  It  follows  then  that  represents  the  most 

general  solution  to  (3)  In  a  sufficiently  small  neighborhood  . 

The  next  problem  we  consider  Is  the  representation  of 
solutions  of  I4  ^  E(^3  by  Aa^F^  •  Instance,  if 

series  esqtansion 


F(<r,r*)  =  X  L 


/ 


(8) 


*^=0  Hu-  0 

what  Is  the  series  representation  In  terms  of  V  etc.  for 
«.  F  3  ^  begin  by  recalling  ^  ^ 

-I 

"L-  r"  C (9) 

^  J  T' 


Pfniyi) 

■'N 

i^re 

[Ik] 


41 
1^1=  • 


«.d  C  f  5) 


Is  a  Qegenbauer 


polynomial 


It  follows  then,  that 


(i)  =(3^[f]^wWr«  = 

T|S|  »»*S 


(10) 


for  IBI<  6  Buffic.’ently  small. 


It  Is  Interesting  to  note  that  the  class  of  functions 
C-  ^  where  ^  ^  are  not  even 

locally  (  ^  ^  N  (i*)  j  solutions  of  the  GASFT  equation  ^  ^  ^  . 
Consequently,  the  homogeneous  polynomials,  of  degree 

n  In  X,  y  ,  'vdilch  are  defined  as  coefficients  of  'I  In  the 
trinomial  expansion  of  v  . 


(r 


1  J'. 


(11) 


are  not  In  general  solutions  of  (l)  either.  It  can  be  shown,  never¬ 
theless,  that  t  S')  ^  does  generate  solutions 

to  (l),  and  that  the  set  of  functions  ^  generates 

r  ill  1 

a  complete  system  of  polynomials  *■  .  To  show  that 

,  •p  £  C  is  a  solution  of  (l)  we  need 

only  integrate  by  parts  as  before 

Xk  I  Ct-S-') 

•4.1 


*  Vfhen  Vs.  0  >  the  polynomial  is  a  solution  of  the 

QASIT  equation  for  I  ,  since  A  v»  o  ^^)  —  ^  ^T}. 

We  shall  see  shortly,  that  the  =  constant 

'vAere  the  are  associated  Legendre  functions. 


-  8  - 


-t 


r  f"  (f-r')  ^  r  f'  /f-hf'')(t~s’* 

^  I  ^  ^  i 


-  ^ 
4 


-I 

f> 


J 
+  1 


f"  I't-r')  ii  *•  ^'"^1 

{  V 


-I 


^ic  ^ 

V  ■" 


+  » 


fl/f 

f 


(12) 


It  may  be  sbovn  in  the  aame  vay,  that  4>‘  o^rf<'<r*n  la 

also  a  solution  of  the  QASFT  eg.viatlon. 

There  Is  a  relation,  however,  between  the  polynomials 
Avx./  ft')  and  the  associated  Legendre  functions.  This  may  be  seen 


from  Heine's  Integral  relation 


[  1 


9 


n 

Y 


_  I 


iiri 


Vt 

r 


[1  =  A 


(13) 


Likewise,  the  coefficients  A*J^)  of  the  expansion  of  (T** 

slIso  may  he  related  to  the  Legendre  functions  by 


•  ^ 
A 


{y\-w\)! 


.>1  P 


-»1 


'T) 


7  }  (" 


lif  r 


W 


We  note  in  passing,  that  expressions  (13),  (l^)  may  be 
used  to  give  a  representation  for  the  Qegenbauer  polynomleds  in  terms  of 
the  Legendre  functions,  when  K}0, 
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r”  C 


4  FCk'^^) _ 

r^TTrijV  J 


-« 

r 


+  » 


k-l 


0“''  ^j*-  y-')  ^  ^ 


bence 


C  /i)  = 

n 


^  I 


4  r{K+-^)  'y 

rr^)  ^ 


.  >n 


W  s-  *1 


irh  I 


However,  It  is  known  that  for  O  , 


i 


^1-  -S'')  = 

If  1^1 


K-l 


TTx 


,  K-f  >yv 


- - -  1  •'W  S(ip.i'|«ri'r')r7t) 


Is  the  Beta-function.  One  then  has 


IT  ^ 
K 


l-K 


vvv 


r  ("k-v  ^  {-) 


p:(5^ 


(15) 


^  Kh-Wih*^ 


*  See  page  12  of  Hi^r  Transcendental  Functions,  Vol.  I 


One  may  consider  the  Integral 

Qjo-v*"']  .  «K  ^  ^ 

i-  >  ^ 


*-A 


*w\ 


«.n'.  w!  ^ 


p:^t) 

(wfv')/  /yyi-hM)- 


.1 

f 


. .«  ,  ,  y  H' 

A  n  /  m  ^  - - -7-7 -  ,  - - - \  * 

'  ■»-  i~  * 

(16) 


III.  Partlciilar  Solutions  Generated  by  A.cn  ■ 

In  order  to  generate  paii^lcular  solutions  of  L  i:<)7v’ 
vlaeTe  J>  Is  analytic  about  the  origin  In  the  real  variables  K,  y 


ve  consider  the  Integral  equation 

_i 


/ 


K-l 


•hi 


vhere 

«0  «e 


.  If 


f  ^  yl 


has  the 


TWlor  .mansion.  2;  2  ^ 


1 


9 
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then  one  may  solve  formally  for  the  Taylor  coefficients, 
as  foUoVB. 

-/ 


of 


vn-i-vi 

1 

jO('o,o)  = 

(t- 

I 

+  » 

x«y,o 

ID- 

1 

((i)'  Z 

VM-t-n 

r*) 

-M 

V^o 

/t)=j 

• 

(t.r')"  (t- 

rfil 

1 

K-l 


XaysO 


>u«*0 


r 


»c-» 


fi 

/ri-i 


fi-ii 


or 


>*v 


»*o 


(17) 
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vhere 


KT  X 


K 


r=t) 


Several  special  cases  are  suggested  immediately,  for 
Instance,  where  ^  is  a  function  of  or  y  alone.  If 

i  \>(x)  ,  we  may  then  choose  (CT,  )  to  have 

the  form  =.  G  (.1/  )  ;  one  then  has 


P>OK 


•  t,- 

X  TT 


/ 


and 


the  Poisson  equation  ‘given  by 


.  A  particular  solution  to 


-I 


r(r^  (-t-l'T 


<h  =1'"  ^  f,w 


4^1 

'Z.  Z/hvI! 


F|V)  1^'’'!) 


Is\=l 


(18) 


In  the  case  =  ^CY)  ,  ^(^",0**)  may 

he  represented  as  ^  =  C:j(^'i  C'tf  , 

and  we  consider  then  the  integral  equation. 


-  14  - 


-I 

j  .  t,(y)  . 

•n  ^ 

If  G(^)  *  Z  =  2!  K  y 

v=.o  •'-o 

one  may  compute  the  Taylor  coefficients  formally  as  follows. 

i'  fj.EKrt'e)  r- Jj 

+1  r^o  -1 

ltl*l 


-I 


■  f  "O'  1-  E  C) ! 


*'»®  •♦■I 

\tw\ 


/  -A*'"'  I 

1  h-'i  )  M 

I 


=  Tk 


vis.  0  *  ^ 
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providing  |  ?/  Q  >  0  ^  for  all  n,  and  for  0* 

One  may  proceed  as  before  and  obtain  a  particular  solution, 

-I 

4  *'  t 

+1 

HIM 


IV.  The  Poisson  Equation  In  Three  Variables 


It  Is  Interesting  to  note  that  the  methods  developed  In 
the  previous  sections  may  be  extended  to  Poisson's  equation  In  three 
variables,  that  Is  ve  consider  the  equation 

>X.‘  ■)X4‘  ‘ 


We  may  generate  solutions  to  this  equation  by  meeuis  of  an  Integral 
representation  similar  to  the  Whlttalcer-Bergnan  operator 
^d^ch  maps  functions  of  two  couqplex  variables  Into  solutions  of 
Laplace's  equation,  O. 


H(t)  ’  \  , 


(21) 


-  16  - 


Y  '  >  wbere  ^  is  a  closed  differentiable  arc  in 

f  -  plane,  and  6  *7  O  is  sufficiently  small. 

Following  our  previous  method  we  introduce  the  integral  representation 

\rtiere  ^  is  an  analytic  function  of  the  three  cooqplex  variables 
i  ^  above, 

i^^UxriK)^  .-X, -(XifJx.)*]  j 

1-  i 


It  is  clear,  that  for  l'S\*  I  and  2=  ^*.|  ^3 

a  resLl  point,  then  t**  *  t  .If  «  0  ,  or  ^  then 

F*  is  a  function  of  t  or  respectively;  in  these  cases  §CP) 

becones  the  Uhittaker-Bergman  operator,  and  tl/X)  is  a  haxnonic 
function.  t  C  ,  then  we  have  by  interchanging  orders  of 

differentiation  and  integration 

P(j)  -a-  S  4l  -  ^  5 


-  17  - 


Hence,  as  before  we  may  obtain  a  particular  solution  of 
with  the  representation  (22)  If  F"  j_s  a  solution  ol  integral 
equation  (23).  In  order,  to  see  how  transforms  emalytlc 

functions  of  three  variables  Into  solutions  of  (20),  we  first  consider 


the  Integrals 


V14»V1 


XU*. 


«-»-m  I  I 

r  -rt.' 


(•n-* 


/A»-M 


H^PjrU 


W+m).*  /  X 


y\*w\ 


T 


I 

v» . 


« ✓  A-v 

1 2’ 

'eN/w.nl 


(21*) 

where  is  the  set  of  indices 

Consequently,  if  f  is  the  analytic  function 

... _ _ 

defined  in  the  region  j-tl  ,  1‘t^l  i  ^  ^  * 

the  corresponding  function  M(2)  ,  which  is  regular  In  a  neighborhood 

of  the  origin  Is 


-  \8  - 


•0  vv♦•»^ 

“  r  I  (26) 

1tM»0  As->»\-wv\ 

Since,  the  integral  (24)  vanishes  \*enever  I  ve  need  Just 

consider  the  functions  P  defined  hy  (2^).  We  shall  realize  that 
this  class  of  functions  does  not  in  general  generate  solutions  to 
s  p  ,  'vAien  ^  is  an  arbitrary  reeil  analytic  function  of 

Older  certain  conditions  the  integral  equation  (23)  may  be  solved;  to 
see  vhen  this  is  possible  ve  consider  the  Integral 


jtit; 


t 


^  r  - 1_  tL- 


and  ^  has  a  representation  such  as  (2^).  The  general  term  in  the 
series  eiqpansion  for  ^  integrates  as  follows 


V 

wv*\A 


<i'w; 


if\*\ 


Y>  I  M 


n+»vi 


II 

V^  =  -K\  ^5- 

4.1^  •  VWV 


(v+»)'( 


//hi 


47A-v->K)Tr 
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If  j)  (Xi,  may  lae  exi»i.  ^ed  in  terms  of  the  polynomials 

V  ,  we  may  find  a  function  which  satisfies  (23),  and 

VA  ^  4 

con8eq,uently  generate  all  solutions  of  (20).  This  clearly  is  not  the 
case  in  general;  however,  under  certain  criteria  of  symmetry  on 
P  XjN  expansion  will  be  possible. 
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